
Problem 1:  A metal sphere of radius carries a charge of Q.  It is surrounded, out to radius b, by linear 
dielectric material of permittivity𝜖.  Find the potential at the center of the sphere. 
 
 
Sketch Problem 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Start by telling me everything you can about the potential and how to solve the problem?   
 
 
 
 
  



Use Gauss’s Law: 
 

∮ 𝐷⃗⃗ ∙ 𝑑𝑎⃗⃗ ⃗⃗ =𝑄𝑓−𝑒𝑛𝑐 

 
 
Where are there free charges and bound charges? 
 
 
 
 
 
 
 
 
Find D, E everywhere 
 
  



Now find V everywhere 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Now let’s find the bound charge densities, remember: 
 

𝑃⃗ = 𝜖0𝜒𝑒𝐸⃗  
  

𝜌𝑏 = −∇⃗⃗ ∙ 𝑃⃗  
 

𝜎𝑏 = 𝑃⃗ ∙ 𝑛̂ 
 
 
 
 
 
 
 
 
 
  



Example:  A sphere of homogenous linear dielectric material is placed in an otherwise uniform electric 

field 𝐸𝑜𝑘̂. Find the electric field inside the sphere.   
 
What are our Boundary Conditions: 
 
  



At r  0 
 

𝑉𝑖𝑛 → 𝐹𝑖𝑛𝑖𝑡𝑒 
 
At the boundary 
 

𝑉𝑖𝑛 = 𝑉𝑜𝑢𝑡 
 

𝜖𝑖𝑛

𝜕𝑉𝑖𝑛

𝜕𝑛
− 𝜖𝑜𝑢𝑡

𝜕𝑉𝑜𝑢𝑡

𝜕𝑛
= 𝜎𝑓𝑟𝑒𝑒 = 0     →   𝜖 

𝜕𝑉𝑖𝑛

𝜕𝑛
= 𝜖0

𝜕𝑉𝑜𝑢𝑡

𝜕𝑛
 

 
At r  Large 
 

𝐸⃗ = 𝐸0𝑘̂  → 𝑉𝑜𝑢𝑡 = −𝐸0𝑟 cos 𝜗 
 
Remember the solution to Laplace’s equation in spherical coords has the following form: 
 

𝑉(𝑟) = ∑(𝐴𝑙𝑟
𝑙 + 𝐵𝑙𝑟

−𝑙−1)𝑃𝑙(cos 𝜗) 

 
Applying the first B.C. inside, we reduce it to: 
 

𝑉𝑖𝑛 = ∑𝐴𝑙𝑟
𝑙 𝑃𝑙(cos 𝜗) 

 
How about outside? 
 
 

𝑉𝑜𝑢𝑡 = −𝐸0𝑟 cos 𝜗 + ∑𝐵𝑙𝑟
−𝑙−1 𝑃𝑙(cos𝜗) 

 
Which we can rewrite 

𝑉𝑜𝑢𝑡 = −𝐸0𝑟𝑃1(cos 𝜗) + ∑𝐵𝑙𝑟
−𝑙−1 𝑃𝑙(cos𝜗) 

 
Now let’s look at the boundary:   

𝑉𝑖𝑛 = 𝑉𝑜𝑢𝑡 
 
 

∑𝐴𝑙𝑅
𝑙 𝑃𝑙(cos𝜗) = −𝐸0𝑅𝑃1(cos 𝜗) + ∑𝐵𝑙𝑅

−𝑙−1 𝑃𝑙(cos𝜗) 

 
For l = 1 

𝐴1 = −𝐸0 + 𝐵1𝑅
−3 

 
Everywhere else: 

𝐴𝑙 = 𝐵𝑙𝑅
2𝑙+1 

 
The other condition: 
 



𝜖 

𝜕𝑉𝑖𝑛

𝜕𝑛
= 𝜖0

𝜕𝑉𝑜𝑢𝑡

𝜕𝑛
      𝑛 → 𝑟 

 
𝜕𝑉𝑖𝑛

𝜕𝑟
= ∑𝑙𝐴𝑙𝑟

𝑙−1 𝑃𝑙(cos𝜗) 

 
𝜕𝑉𝑜𝑢𝑡

𝜕𝑟
= −𝐸0 cos 𝜗 + ∑(−𝑙 − 1)𝐵𝑙𝑟

−𝑙−2 𝑃𝑙(cos 𝜗) 

For l=1 
 

𝜖

𝜖𝑜
 𝑙𝐴𝑙 = −𝐸0 + (−𝑙 − 1)𝐵𝑙𝑅

−3 →   𝐴1 = −𝐸0 + (−2)𝐵1𝑅
−3 

 
Everywhere else 

𝜖

𝜖𝑜
𝑙𝐴𝑙 = (−𝑙 − 1)𝐵𝑙𝑅

−2𝑙+1 

 
Both 𝐴𝑙  and 𝐵𝑙  are zero unless l=1. 
 

𝜖

𝜖𝑜
𝐴1 = −𝐸0 + (−2)𝐵1𝑅

−3 

 

𝐴1 = −𝐸0 + 𝐵1𝑅
−3 

 
The solution is: 

𝐴1 = −
3

𝜖 + 2
𝐸0  &    𝐵1 =

𝜖 − 1

𝜖 + 2
𝑅3𝐸0 

 

𝑉𝑖𝑛 = −
3

𝜖 + 2
𝐸0𝑟 cos 𝜗 = −

3

𝜖 + 2
𝐸0𝑧 

 
The field is just 

𝐸⃗ = −∇⃗⃗ 𝑉 =
3

𝜖 + 2
𝐸0
⃗⃗⃗⃗  

 
 
  



 
  



 
  



 


